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Abstract: In this paper, we introduce and study the shape and the behavior of the 
failure rate of a mixture of two populations of components with the same distribution 
but different ages. This type of mixture is encountered in industrial settings when 
new and reconditioned systems are mixed together in remanufacturing or for 
maintenance operations. The conditions under which such a mixture of increasing 
failure rate components can result in a population with modified bathtub-shaped 
failure rate are derived. A cost-optimal mixture strategy is developed to illustrate a 
successful use of new and reconditioned parts in maintenance.  

Keywords: Mixture, new and used components, bathtub failure rate, maintenance in 
remanufacturing 

1.  Introduction  

The introduction of legislation to force the collection and recovery of end-of-life products, 
and electronics in particular, has resulted in a new and interesting supply source of parts, 
components and products that can be reconditioned or refurbished to be used on assembly 
lines or in maintenance activities. This new source for components raises many interesting 
research problems some of which have been extensively studied by researchers. 
Closed-loop supply chain design and management models have flourished during the past 
decade (see [13]). The area of optimal inventory control for returned products has been 
well covered [5, 10]. Remanufacturing production planning and supply chain 
decision-making issues have also been extensively covered (see [8] and [11]). However, 
very few papers have directly dealt with the reliability and maintenance aspects of the 
reconditioned spare parts (see [1], [4]). The heterogeneous population resulting from this 
mixture of new and aged components can be described with the statistical concept of 
mixture of distributions as studied by [3], [7] and [12]. 

Many authors have used the general concept of mixture distribution to study 
reliability and maintenance issues and they always mix two or several distributions with 
known parameters. Jiang and Jardine [6] use the mixture of two Weibull distributions to 
find the optimal burn-in preventive replacement model. Scarf et al. [9] also use a mixture 
of two Weibulls to determine the aged-based inspection and replacement policy for 
heterogeneous components. 

In this study, we consider that only similar components are mixed together. Hence, it 
is reasonable to assume that the new and reconditioned components have the same 
underlying lifetime distribution but different ages, with the age of the reconditioned 
components being an additional decision parameter to be determined. We model the 
mixture of components using a mixture of distributions and by incorporating the age of 
the reconditioned parts as a decision variable. The main goal of this paper is to study the 
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reliability properties of systems made of a combination of new and reconditioned 
components. 

In Reliability Theory, lifetime distributions can be classified according to the shape of 
their failure rates and are generally grouped under the following classes: decreasing 
failure rate (DFR), constant failure rate (CFR), increasing failure rate (IFR), bathtub 
failure rate (BFR) and modified bathtub-shaped failure rate (MBFR) (see [3] for all 
definitions). In [2], it has also been proven that preventive maintenance (PM) actions can 
only improve the reliability of IFR components. Therefore, it is useful to determine the 
failure rate classification of a population of heterogeneous components in order to 
prescribe preventive maintenance or not to systems incorporating a mixture of new and 
used components. Another objective will be to find the optimal mixing strategy to 
maximize the expected lifetime per cost ratio (ELCR) of the systems. 

This article is organized as follows. In section 2, we introduce the particular type of 
mixture considered in this work. In section 3, the failure rate of the mixture distribution is 
studied for three types of common failure rates. An illustrative example is presented in 
section 4. 

2.  Definitions 

A part or component is said to have age 𝑥 (𝑥 ≥ 0) if it has been operating without failure 
during 𝑥 units of time (u.t.). If 𝑥 = 0, then the component is new. If 𝑓(𝑡) denotes the 
lifetime density function of a new component, then the lifetime density function 𝑓𝑥(𝑡), 
reliability function 𝑅𝑥(𝑡), and failure rate function ℎ𝑥(𝑡) for a component of age 𝑥 are 
given by 
 

𝑓𝑥(𝑡) =
𝑓(𝑥 + 𝑡)
𝑅(𝑥)  

 
(1) 

 
𝑅𝑥(𝑡) =

𝑅(𝑥 + 𝑡)
𝑅(𝑥)  

 
(2) 

 ℎ𝑥(𝑡) = ℎ(𝑥 + 𝑡)  (3) 
As defined by [3], the lifetime random variable 𝑇 ≥ 0 is said to have a mixture 

failure rate ℎ𝑚(𝑡) if it can be expressed as   

ℎ𝑚(𝑡) =
∫  ∞
−∞𝑓(𝑡,𝜃)𝑑𝑑(𝜃)

∫  ∞
−∞𝑅(𝑡,𝜃)𝑑𝑑(𝜃)

, 

where {𝐹(𝑡,𝜃);−∞ < 𝜃 < ∞}  is a family of distribution functions with reliability 
function 𝑅(𝑡,𝜃) = 1 − 𝐹(𝑡,𝜃), and 𝑑(𝜃) is the mixture distribution. 
(i) If 𝑑(𝜃) has density 𝑔(𝜃), then the mixture failure rate is given as  

ℎ𝑚(𝑡) =
∫  ∞
−∞𝑓(𝑡,𝜃)𝑔(𝜃)𝑑𝜃

∫  ∞
−∞𝑅(𝑡,𝜃)𝑔(𝜃)𝑑𝜃

; 

(ii) If 𝑑(𝜃) is discrete with probability mass function 𝑝𝑖 = 𝑝(𝜃𝑖) at 𝜃 = 𝜃1, . . . ,𝜃𝑛 , 
then  

ℎ𝑚(𝑡) =
∑  𝑛
𝑖=1 𝑝𝑖𝑓𝑖(𝑡)

∑  𝑛
𝑖=1 𝑝𝑖𝑅𝑖(𝑡)

. 

The mixture of two subpopulations, one with new components and the other with 
aged components (𝑥 > 0), with 𝑝% proportion of new components has the following 
characteristics: 
  (i) the mixture probability density function (pdf) is: 
 𝑓𝑚(𝑡) = 𝑝𝑓(𝑡) + (1 − 𝑝)𝑓𝑥(𝑡) (4) 
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  (ii) the mixture reliability function is: 
 𝑅𝑚(𝑡) = 𝑝𝑅(𝑡) + (1 − 𝑝)𝑅𝑥(𝑡) (5) 
  (iii) the mixture failure rate function is: 
 ℎ𝑚(𝑡) = 𝑤(𝑡)ℎ(𝑡) + [1 − 𝑤(𝑡)]ℎ𝑥(𝑡),  (6) 
where                

0 ≤ 𝑤(𝑡) ≡
𝑝𝑅(𝑡)
𝑅𝑚(𝑡)

≤ 1    for    𝑡 ≥ 0. 

After substitution of (3) in (6) and simplifications, we get 
 

ℎ𝑚(𝑡) = ℎ(𝑡) +
ℎ(𝑥 + 𝑡) − ℎ(𝑡)
𝑝

1 − 𝑝𝜙(𝑡; 𝑥) + 1
, (7) 

Where 
 𝜙(𝑡; 𝑥) = 𝑒−�∫  𝑐0 ℎ(𝑢)𝑑𝑢−∫  𝑐+𝑐

𝑐 ℎ(𝑢)𝑑𝑢�          and 0 ≤ 𝑝 < 1. (8) 

3.    Mixture for Three Types of Failure Rates 

In this section, we study the behavior of the mixture failure rate defined in equation (7) for 
components with commonly used failure rate functions: increasing linear failure rate 
(ILFR), rational failure rate, and power law type failure rate.  

3.1   Mixture of Distributions with Increasing Linear Failure Rate   

We consider an ILFR in the form of  
ℎ(𝑡) = 𝑐𝑡 + 𝑑    (𝑖. 𝑒. ,    𝑓(𝑡) = (𝑐𝑡 + 𝑑)𝑒−(𝑐𝑐2 +𝑑)𝑐) 

where 𝑐 > 0, 𝑑 > 0, and 0 ≤ 𝑝 < 1. Then (7) becomes  
 ℎ𝑚(𝑡) = 𝑐𝑡 + 𝑑 +

𝑐𝑥
𝑝

1 − 𝑝 𝑒
𝑐𝑥𝑐 + 1

. (9) 

Define    𝑝1 = 1
2
�1 − �1 − 4/𝑐𝑥2�, and    𝑝2 = 1

2
�1 + �1 − 4/𝑐𝑥2�. 

Proposition 1: For the mixture failure rate ℎ𝑚(𝑡) given in (9) above, 
(i) If 0 < 𝑥 < 2√𝑐

𝑐
 then ℎ𝑚(𝑡) is IFR for all 𝑝 ∈ [0,1[. 

(ii) If 𝑥 ≥ 2√𝑐
𝑐

 then ℎ𝑚(𝑡) is   
  • MBFR if 0 < 𝑝 < 𝑝1;  
  • BFR if 𝑝1 ≤ 𝑝 < 𝑝2;  
  • IFR if 𝑝2 ≤ 𝑝 < 1.  

Proof: Proposition 1 can be proven independently by studying the sign changes of the 
derivative of (9) as demonstrated in Appendix 1 or through Corollary 3.1 in reference [3] 
by setting their failure rate functions 𝜆1(𝑡) = ℎ(𝑡) ,  𝜆2(𝑡) = ℎ(𝑥 + 𝑡) . Thus, their 
parameters 𝑑1 , 𝑑2 , 𝑎, and 𝛿  become 𝑑1 = 𝑑, 𝑑2 = 𝑑1 + 𝑐𝑥, 𝑎 = 𝑐𝑥, and 𝛿 = 𝑥√𝑐. 
Then, Corollary 3.1. from [3] yields the results in proposition 1. 

Define 
 𝑡1,2 =

ln �−2 +  𝑐𝑥2 ± √−4 𝑐𝑥2 + 𝑐2𝑥4
2𝑃 �

𝑐𝑥
 

(10) 

where 𝑃 = 𝑝
1−𝑝

. 

Corollary 1:  For the mixture failure rate ℎ𝑚(𝑡) given in (9) above, if 𝑥 ≥ 2√𝑐/𝑐 and 
𝑝1 ≤ 𝑝 < 𝑝2 then PM actions are not required before 𝑡2 to improve reliability. 
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Proof: The derivative of ℎ𝑚(𝑡) is given by ℎ′𝑚(𝑡) = 𝑐 − 𝑐2𝑥2𝑃𝑒𝑐𝑐𝑐

(𝑃𝑒𝑐𝑐𝑐+1)2
 which has 𝑡1 and 

𝑡2 as only real roots with 𝑡1 ≤ 𝑡2. When 𝑝1 ≤ 𝑝 < 𝑝2, then 𝑡1 < 0 and then ℎ𝑚′ (𝑡) is 
negative over [0;𝑡2] and positive over [𝑡2;∞[ as described in Case 2.1. of Appendix 1, 
meaning that ℎ𝑚(𝑡) is decreasing (DFR) over [0;𝑡2] so that PM actions will not improve 
reliability over [0;𝑡2]. 

Let us consider ILFR components with ℎ(𝑡) = 4𝑡. New and 2 u.t. old components 
are mixed together with 𝑝 = 80% of new ones. Then, 𝑝1 = 6.7%, 𝑝2 = 93.3% and 
𝑡2 = 0.156  u.t. From Proposition 1 and corollary 1, we get that this mixture of 
components is DFR over [0; 0.156] and IFR over [0.156; ∞[ as depicted by the bold line 
in Figure 1.  Figure 1 depicts both the failure rate of the mixture (bold line) and the 
failure rate of new components (dashed line). The failure rate of the mixture is obviously 
higher than the failure rate of new components and exhibits the unusual DFR and IFR 
phases. By mixing 80% of new components and 20% of used components aged 2 u.t., PM 
is no longer beneficial before instant 0.156 u.t. Warranty periods offered by the 
manufacturers can significantly be affected by this DFR period. Decision makers should 
therefore be aware of this behavior of the failure rate of mixed populations when making 
burn-in, PM and warranty calculations. 

 
Figure 1: Failure Rate Function for a Mixture of New and Old Parts with ℎ(𝑡) = 4𝑡, 𝑥 = 2 and 

𝑝 = 80% 
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Figure 2 depicts the failure rate function profiles obtained for various mixing 
proportions. It shows how the failure rate changes from strictly increasing IFR (𝑝 ≥
93.3%) to bath-tub BFR and then to modified-bathtub MBFR (𝑝 ≤ 6.7%). 

 

 

Figure 2: Behavior of the Failure Rate as the Mixing Proportion 𝑝 Changes. 

3.2   Mixture of Distributions with a Rational Failure Rate  

We consider a failure rate in the form of 

ℎ(𝑡) =
𝜆2𝑡

𝜆𝑡 + 1
    �𝑖. 𝑒. ,    𝑓(𝑡) = 𝜆2𝑡𝑒−𝜆𝑐� 

where 𝜆 > 0, and 0 ≤ 𝑝 < 1. Then (7) becomes  
 

ℎ𝑚(𝑡) =
[(λ𝑥𝑝 + 1)𝑡 + (𝑥 − 𝑝𝑥)]𝜆2

(𝑝𝜆2𝑥 + 𝜆)𝑡 + (1 + 𝜆𝑥) . (11) 

Proposition 2:  For the mixture failure rate ℎ𝑚(𝑡) given in (11) above, ℎ𝑚(𝑡) is IFR 
∀𝑝,∀𝑥. 

Proof: The derivative of ℎ𝑚(𝑡) is given by 
𝑑ℎ𝑚(𝑡)
𝑑𝑡

= �
𝜆(𝑝𝜆𝑥 + 1)

(𝑝𝜆2𝑡𝑥 + 1 + 𝜆𝑥 + 𝜆𝑡)
�
2

 

which is always positive ∀𝑡,∀𝑝, and ∀𝑥. 

3.3  Mixture of Distributions with a Power Law Type Failure Rate 

We consider a power law type failure rate in the form of ℎ(𝑡) = 𝜆𝑡𝛽−1, where 𝜆 > 0, 
𝛽 > 0 and 0 < 𝑝 < 1. Then (7) becomes 
 

ℎ𝑚(𝑡) = 𝜆

⎣
⎢
⎢
⎡
𝑡𝛽−1 +

(𝑥 + 𝑡)𝛽−1 − 𝑡𝛽−1

𝑝
1 − 𝑝 𝑒

−𝜆𝛽�𝑥
𝛽+𝑐𝛽−(𝑥+𝑐)𝛽� + 1⎦

⎥
⎥
⎤
. (12) 

Studying the behavior of ℎ𝑚(𝑡) given in (12) is analytically tedious. Therefore, we 
limit this section to the study of cases where 𝛽 = 1, and 𝛽 = 2. For all other values of 𝛽 
a detailed study is required. 

p=80%

p=50%

p=30%

Mixed with p=5%
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3.3.1  Case of 𝜷 = 𝟏 

In this case, ℎ(𝑡) = ℎ(𝑥 + 𝑡) = 𝜆  and (12) reduces to ℎ𝑚(𝑡) = 𝜆 .The mixture 
population has a constant failure rate (i.e., non-increasing) if the two subpopulations 
are exponentially distributed. This result is a limit case of the theorem by Proschan [7] 
which states that a mixture of distributions each having a non-increasing failure rate 
has a non-increasing failure rate. This result which stems from the memoryless 
property of the exponential distribution also explains why in practice electronic 
devices or components, which are known to exhibit non-increasing failure rates, are 
prime products for reconditioning and reuse along with new ones. 

3.3.2  Case of 𝜷 = 𝟐 

In this case, ℎ(𝑡) = 𝜆𝑡 and the results of Proposition 1 apply. 

4.  Illustrative Case: Optimal Age of Reconditioned Parts Maximizing the ELCR 

For this illustrative case, a cost function is developed to model the cost structure of 
reconditioned components and is used to determine the expected lifetime per cost ratio 
(ELCR) when 𝑝% new components and (1 − 𝑝)% re-used components are mixed. The 
objective is to maximize the ELCR. 

Each reconditioned part of age 𝑥 costs 𝐶(𝑥) = 𝐾0(1 + 𝑥)−𝛾 + 𝐾𝑚𝑖𝑛 where 𝛾 is the 
decrease rate of the component cost with respect to its age. 𝐾𝑚𝑖𝑛  is the lowest cost at 
which a reconditioned part can be sold (e.g., sum of costs for collection, cleaning, testing). 
New components cost 𝐶0 per unit with 𝐶0 = 𝐶(0) = 𝐾0 + 𝐾𝑚𝑖𝑛 . The expression of the 
expected time to failure for each system in the mixed population of new and reconditioned 
systems is given by: 
 𝑅𝑇𝑇𝐹𝑚(𝑥) = � 𝑅𝑚(𝑡)𝑑𝑡

∞

0
 (13) 

 𝑅𝑇𝑇𝐹𝑚(𝑥) = 𝑝� 𝑅(𝑡)𝑑𝑡
∞

0
+

1 − 𝑝
𝑅(𝑥)  � 𝑅(𝑡)𝑑𝑡

∞

𝑥
  

 𝑅𝑇𝑇𝐹𝑚(𝑥) = 𝑝𝑅𝑇𝑇𝐹 + (1 − 𝑝)𝑅𝑅𝑇𝑇𝐹(𝑥) (14) 
where 𝑅𝑅𝑇𝑇𝐹(𝑥) is the expected remaining lifetime of a system with age 𝑥. 

The expression of the average cost of a each system in the mixed population of new 
and reconditioned systems is given by: 
 𝐶𝑚(𝑥) = 𝑝𝐶0 + (1 − 𝑝)𝐶(𝑥) (15) 
Then 
 

𝐸𝐸𝐶𝑅(𝑥) =
𝑝 ∫ 𝑅(𝑡)𝑑𝑡∞

0 + 1 − 𝑝
𝑅(𝑥)  ∫ 𝑅(𝑡)𝑑𝑡∞

𝑥

𝑝𝐶0 + (1 − 𝑝)𝐶(𝑥)  (16) 

Proposition 3:  For a given proportion of new components 𝑝, the optimal age 𝑥∗ of 
reconditioned components to use in the mixture in order to maximize the ELCR is solution 
of equation (20). 
 [ℎ(𝑥)𝑅𝑅𝑇𝑇𝐹(𝑥) − 1][𝑝 𝐶0 + (1 − 𝑝)𝐶𝑚(𝑥)]⋯

−[𝑝 𝑅𝑇𝑇𝐹 + (1 − 𝑝)𝑅𝑅𝑇𝑇𝐹(𝑥)]
𝑑𝐶𝑚(𝑥)
𝑑𝑥 = 0.

 (17) 

Proof: For a given proportion of new components 𝑝, the optimal age 𝑥∗ of reconditioned 
components to use in the mixture in order to maximize the ELCR is obtained by setting 
the first derivative of 𝐸𝐸𝐶𝑅(𝑥) to zero, which yields equation (17) after simplification. 

Unfortunately, the optimal solution that maximize Equation (17) is in general difficult 
to obtain analytically even for simple lifetime distributions. Consequently, a numerical 
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iterative search method is used to find 𝑥∗. Consider components with lifetime distribution 
𝑓(𝑡) = 0.4 𝑡𝑒−0.2 𝑐2  (e.g., ℎ(𝑡) = 0.4 𝑡 ), 𝐾0 = $10 , 𝐾𝑚𝑖𝑛 = $10 , and 𝛾 = 1.2 . For 
given values of 𝑝, numerically solving equation (17) yields the optimal age 𝑥∗  of 
reconditionned components to include in the mixture (see the third row of Table 1). For 
example, if legislation or internal management requires 40% of reconditioned parts 
(𝑝 = 0.6), then reconditioned parts of age 0.137 should be used to maximize ELCR. 

Table 1 displays the optimal age of reconditioned components to use in the mixture for 
selected values of 𝑝 and 𝛾. For 𝛾 = 1, there is no age discount. Therefore there is no 
justification for using reconditioned parts, hence 𝑥∗ = 0 as seen on the first row. As the 
discount rate 𝛾 increases, the optimal strategy allows older reconditioned components to 
be mixed-in as they become more affordable. Because adding older parts affects the 
overall reliability of the whole population, there is a limit (in our illustrative case, around 
𝛾 = 3.0) where the age discount is no longer enough to offset the decrease in reliability. 
Thus, for values of 𝛾 > 3.0, the model reverses its behavior and starts recommending 
younger reconditioned parts. 

For a fixed value of 𝛾, if the proportion of new parts 𝑝 is increased, the model 
requires newer reconditioned parts to be used to prevent a dramatic deterioration of the 
expected lifetime. These numerical experiments show the validity of the model and 
present a strategy for mixing new and reconditioned parts in remanufacturing and 
maintenance. 

Table  1: Optimal Age of Reconditioned Components for given 𝑝 and 𝛾 

  p 
  1 0.8 0.6 0.5 0.3 0.1 0 

𝛾 

1.0 0.000 0.000 0.000 0.000 0.000 0.000 0.000 
1.1 0.000 0.070 0.070 0.070 0.070 0.070 0.070 
1.2 0.000 0.136 0.137 0.138 0.139 0.140 0.140 
1.5 0.000 0.280 0.285 0.288 0.293 0.300 0.303 
2.0 0.000 0.395 0.407 0.413 0.426 0.442 0.450 
2.5 0.000 0.432 0.447 0.456 0.474 0.495 0.507 
3.0 0.000 0.457 0.454 0.463 0.483 0.508 0.522 
4.0 0.000 0.414 0.431 0.440 0.461 0.487 0.501 
5.0 0.000 0.382 0.397 0.406 0.437 0.450 0.463 
10 0.000 0.263 0.273 0.278 0.291 0.306 0.315 
20 0.000 0.165 0.170 0.173 0.180 0.188 0.193 

5.   Conclusion 

In this paper, we have introduced and examined the shape and the behaviour of the failure 
rate of a mixture of two subpopulations with the same distribution but different ages. This 
type of mixture is encountered in industrial settings when new and reconditioned systems 
are mixed together in remanufacturing or maintenance operations. It has been shown that 
a mixture of components new and reconditioned can alter the shape of hazard rate 
function and result in the delaying of maintenance actions. Through an illustrative 
example, it is shown that cost-optimal mixture strategies can be derived when 
reconditioned parts are mixed with new ones in remanufacturing or maintenance. 
Warranty models for populations of components exhibiting this type of mixture 
distributions are currently under investigation. Imperfect maintenance and burn-in models 
for such heterogeneous lot of systems can also be considered. 
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Appendix 1 
From equation (9), we have 

ℎ𝑚(𝑡) = 𝑐𝑡 + 𝑑 +
𝑐𝑥

𝑝
1 − 𝑝 𝑒

𝑐𝑥𝑐 + 1
, 

then the derivative of ℎ𝑚(𝑡) is given by  

ℎ𝑚′ (𝑡) = 𝑐 −
𝑐2𝑥2𝑃𝑒𝑐𝑥𝑐

(𝑃𝑒𝑐𝑥𝑐 + 1)2 

where 𝑃 = 𝑝
1−𝑝

. Letting 𝑢 = 𝑒𝑐𝑥𝑐  then 𝑡 = 1
𝑐𝑥
𝑙𝑙 𝑢  and 𝑡 ∈ [0,∞[⇔ 𝑢 ∈ [1;∞[ . We 
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           and Reconditioned Systems  

then have 
 ℎ𝑚′ (𝑡) = ℎ𝑚

′ (𝑢)  
 

ℎ𝑚′ (𝑡) = 𝑐 
𝑢2 𝑃2 + 𝑢 𝑃(2 − 𝑐𝑥2) + 1

(𝑃 𝑢 + 1)2  
(18) 

 ℎ𝑚′ (𝑡) = 𝑐 
𝑁(𝑢)

(𝑃 𝑢 + 1)2  

where 𝑁(𝑢) = 𝑢2 𝑃2 + 𝑢 𝑃(2 − 𝑐𝑥2) + 1. 
The solutions of ℎ𝑚′ (𝑡) = 0 are also the roots of 𝑁(𝑢). There are two main cases 

based on the sign of the determinant Δ = 𝑃2 (𝑐2 𝑥4 − 4𝑐 𝑥2) of the quadratic equation 
𝑁(𝑢) = 0. 
Case 1. Δ < 0 ⇔ 𝑥 < 2 √𝑐/𝑐. In this case, there is no real root and then the sign of 
ℎ𝑚(𝑡) is monotonous over [0,∞[. Note that this result is independent of 𝑝. Also, ℎ𝑚′ (𝑡) 
has the same sign as ℎ𝑚′ (∞). 
 ℎ𝑚′ (𝑡 = ∞) = lim

𝑢→∞
ℎ𝑚′ (𝑢) (19) 

From equation (18), we have ℎ𝑚′ (∞) = 𝑐 
 

Hence, ℎ𝑚′ (∞) > 0 because 𝑐 > 0 and ℎ𝑚(𝑡) is increasing in [0,∞[. 
Case 2. Δ ≥ 0 ⇔ 𝑥 ≥ 2 √𝑐/𝑐. In this case the quadratic equation 𝑁(𝑢) = 0 can have 
up to two real roots 𝑢1 and 𝑢2 with 𝑢1 ≤ 𝑢2.  
 

𝑢1,2 =
−2 +  𝑐𝑥2 ±  √−4 𝑐𝑥2 + 𝑐2𝑥4

2𝑃
 (20) 

Using the change of variable introduced at the beginning of this appendix, we find the 
solutions to ℎ𝑚′ (𝑡) = 0 as  
 

𝑡1,2 =
ln �−2 +  𝑐𝑥2 ±  √−4 𝑐𝑥2 + 𝑐2𝑥4

2𝑃 �

𝑐𝑥  
(21) 

To study the sign changes of ℎ𝑚′ (𝑡), we distinguish two sub-cases: one positive root 
(𝑡1 < 0 and 𝑡2 ≥ 0) and two positive roots (𝑡1 ≥ 0 and 𝑡2 ≥ 0). 
Case 2.1. 𝑡1 < 0 and 𝑡2 ≥ 0. Solving for 𝑡1 < 0 is equivalent to solving 𝑢1 < 1.  

 −2+ 𝑐𝑥2− �−4 𝑐𝑥2+𝑐2𝑥4

2𝑃
≤ 1 

 −2 +  𝑐𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4 ≤ 2𝑃 
 −2 +  𝑐𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4 ≤ 2𝑝

1−𝑝
 

 (1 − 𝑝)�−2 +  𝑐𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4� − 2𝑝 ≤ 0 
 𝑝 �𝑐 𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4� ≥ −2 + 𝑐 𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4 

Because �𝑐 𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4� > 0 (see Appendix 2), then we get  

 𝑝 ≥ −2+𝑐 𝑥2− �−4 𝑐𝑥2+𝑐2𝑥4

𝑐 𝑥2− �−4 𝑐𝑥2+𝑐2𝑥4
 

 𝑝 ≥ −2+𝑐 𝑥2− �−4 𝑐𝑥2+𝑐2𝑥4

𝑐 𝑥2− �−4 𝑐𝑥2+𝑐2𝑥4
⋅  𝑐 𝑥2+ �−4 𝑐𝑥2+𝑐2𝑥4

𝑐 𝑥2+ �−4 𝑐𝑥2+𝑐2𝑥4
 

 𝑝 ≥ 1
2

 �1 − �1 − 4/𝑐𝑥2�                                 (22) 
 𝑝 ≥ 𝑝1 

with 𝑝1 = 1
2
� �1 − �1 − 4/𝑐𝑥2��. 

So for 𝑝 ≥ 𝑝1, there is only one real positive root 𝑡2. In that case, we need to study 
the sign of ℎ𝑚(𝑡) over two intervals [0,𝑡2[ and [𝑡2,∞[. Over [𝑡2,∞[, ℎ𝑚′ (𝑡) has the same 



566                   Claver Diallo, Daoud Ait-Kadi, and Uday Venkatadri 
 

 

sign as ℎ𝑚′ (𝑡 = ∞). From equation (19), we get  
ℎ𝑚′ (𝑡 = ∞) = 𝑐. 

So, ℎ𝑚(𝑡) is increasing over [𝑡2,∞[. 
Over [0,𝑡2[, ℎ𝑚′ (𝑡) has the same sign as ℎ𝑚′ (𝑡 = 0) and  

ℎ𝑚′ (𝑡 = 0) = 𝑐 −
𝑐2 𝑥2  𝑝

1 − 𝑝

� 𝑝
1 − 𝑝 + 1�

2. 

The sign of ℎ𝑚′ (𝑡) will depend on the values of 𝑝. ℎ𝑚′ (𝑡) = 0 has two solutions 𝑝1 
and 𝑝2  

𝑝1,2 =
 1 ± �1 − 4/𝑐𝑥2

2
 

Recall that in this subsection, 𝑝 is required to be greater or equal to 𝑝1 (see equation 
(22). Therefore we only need to study the sign of ℎ𝑚′ (𝑡) over the intervals [𝑝1,𝑝2] and 
[𝑝2,1[. 

Over [𝑝1 ,𝑝2 ], ℎ𝑚′ (𝑡)  has the same sign as ℎ𝑚′ (𝑡 = 0, 𝑝 = 0.5)  because 0.5 ∈ 
[𝑝1,𝑝2].  

ℎ𝑚′ (𝑡 = 0, 𝑝 = 0.5) =
4𝑐 − 𝑐2𝑥2

4
 

which can easily be proven to be less or equal to 0 using 𝑥 ≥ 2√𝑐
𝑐

. 
Over [𝑝2,1[, ℎ𝑚′ (𝑡) has the same sign as lim𝑝→1 ℎ𝑚′ (𝑡 = 0) which is equal to 𝑐 and 

therefore positive. In summary of Case 2.1., if   
• 𝑝1 ≤ 𝑝 < 𝑝2 then ℎ𝑚 is non-increasing over [0, 𝑡2[, and increasing over [𝑡2,∞[ so 

that the failure rate is BFR;  
• 𝑝2 ≤ 𝑝 < 1 then ℎ𝑚 is increasing over [0, 𝑡2[, and increasing over [𝑡2, ∞[ so that 

the failure rate is IFR.  
 

Case 2.2. Δ > 0 ⇔ 𝑥 > 2 √𝑐
𝑐

. Two positive real roots 𝑡1 and 𝑡2 exist then two sign 
changes occur over [0, ∞[ and the failure rate is MBFR.  
 
Appendix 2 

The condition 2√𝑐
𝑐

 ≤ 𝑥 can also be written as 2√𝑐
𝑐

 ≤ 𝑥 < ∞ since no components 
can have infinite lifetime. Then we get  

 2√𝑐
𝑐

 ≤ 𝑥 < ∞ 
 4 ≤ 𝑐𝑥2 < ∞ 
 0 ≤ �1 − 4/𝑐𝑥2 < 1 
 0 < 1 −�1 − 4/𝑐𝑥2 ≤ 1 

Because 𝑐 > 0 then 0 < 𝑐𝑥2 �1 − �1 − 4/𝑐𝑥2� ≤ 𝑐𝑥2 
which proves that �𝑐 𝑥2 −  √−4 𝑐𝑥2 + 𝑐2𝑥4� > 0. 
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